A set A is Martin-L of random i the class fAg does not have 0 1 -measure 0. A set A is PA-complete if one can compute relative to A a consistent and complete extension of Peano Arithmetic. It is shown that every Martin-L of random set either permits to solve the halting problem K or is not PA-complete. This result implies a negative answer to the question of Ambos-Spies and Ku cera whether there is a Martin-L of random set not above K which is also PA-complete.
and equivalent de nition of being PA-complete is to say that given any partial-recursive and f0; 1g-valued function , one can compute relative to A a total extension of . One can of course choose such that also is f0; 1g-valued.
Extending all possible f0; 1g-valued partial-recursive functions is as di cult as to compute a f0; 1g-valued DNR function. A diagonally nonrecursive (DNR) function f satis es f(x) 6 = ' x (x) whenever ' x (x) is de ned. Ku cera 7] showed that one can compute relative to any Martin-L of random set A a DNR function f but that f is not f0; 1g-valued: Taking a su ciently large c, f(x) is just the value of the string 1A(0)A (1) : : : A(x + c) interpreted as a binary number. For all x where ' x (x) is de ned, the Kolmogorov complexity of f(x) is strictly larger than that of ' x (x) and it follows that f(x) 6 = ' x (x).
So Martin-L of random sets and PA-complete sets have in common that one can compute relative to them DNR functions. Therefore, it is a natural question whether their degrees coincide. Ku cera 7] showed that this is not the case: while the measure of the class of Martin-L of random sets is 1, the measure of the PA-complete sets is 0. Since the notion PA-complete is invariant with respect to Turing equivalence, there are Turing degrees containing Martin-L of random sets but no PA-complete sets. It remains to ask whether there is at least an inclusion: does every Turing degree containing a PA-complete set also contain a Martin-L of random set? Ku cera 7, 8] answered this question also negatively and constructed several examples of PA-complete sets A such that no set below A is both, Martin-L of random and PA-complete. Ambos-Spies and Ku cera 1, Open Problem 3.5] asked whether there is an A 6 T K which fails to have this property. The negative answer to this question is the main result of the present work. So the PA-complete sets constructed by Ku cera share the desired property with all PA-complete sets not above K.
From this result it also follows that the uniform constructions of G acs 4] and Ku cera 7, 8] to reduce a given set B to a Martin-L of random set A are optimal with respect to the Turing degree of A: For many sets B, in particular for the PA-complete sets B, one cannot avoid that the set A is above K.
2 Only the Random Sets Above K are PA-complete Measures. The measure used is the standard measure for the in nite product f0; 1g 1 of f0; 1g where the measure of f0; 1g is 1 and of each fbg f0; 1g is 1 2 . In particular, the measure of the class of all sets B which extend a binary string is 2 ?j j where j j is the length of the string , that is, the cardinality of its domain. While in standard measure theory, every singleton fAg has measure 0, this does no longer hold for e ective versions like PA-complete sets are those sets A such that every f0; 1g-valued partial-recursive function has a total f0; 1g-valued extension which is computable relative to A. The main result says that there are two types of Martin-L of random sets: the rst type are the computationally powerful sets which permit to solve the halting problem K; the second type of random sets are computationally weak in the sense that they are not PA-complete. Every set not belonging to one of these two types is not Martin-L of random.
Theorem. Let Proof. The theorem is proven by considering any A 6 T K which is PA-complete and showing that such an A cannot be Martin-L of random. As a rst step, one constructs a partial-recursive f0; 1g-valued function . Since A is PA-complete, A permits to compute a total f0; 1g-valued extension of . In the second step, one uses some properties of and the fact that A 6 T K for the construction of a Martin-L of test which witnesses that A is not Martin-L of random.
Construction of . The goal of the construction of is that the class of oracles B such that ' B e is a total extension of is small. More precisely, the measure of this class and also the measure of almost every approximation to it should be below 2 ?e?1 . Furthermore, it is su cient to assign to every e an interval I e such that the same holds for the class of oracles B for which ' B e is total on I e . Now the construction is given in detail. The partial function is unde ned on f0; 1; 2; 3g.
On the intervals I e = f2 e+2 ; 2 e+2 + 1; : : : ; 2 e+3 ? 1g, one de nes in stages as below, the construction of on I e does not interact with the construction on any other I e 0 , e 0 6 = e. The For given k, let f(k) = maxfuse(e k ; x; A) : x 2 I e k g. The function f can be computed relative to A. Since K 6 T A, there are in nitely many k 2 K such that s > f(k) for the s with k = b s . It follows for these k; s and all x 2 I e k that ' A e k (x) halts and use(e k ; x; A) r(s). So A 2 P e(s);r(s);0 P e(s);r(s);1 . Since A is in in nitely many classes P e(s);r(s);0 P e(s);r(s);1 , A is also in all classes U n . It follows that A is not Martin-L of random.
Examples. A natural example for a Martin-L of random set of the rst type is Chaitin's .
is in the Turing-degree of K. One among several de nitions for is that there is a universal pre x-free Turing machine M such that is the set of positions n where the n-th binary digit of the halting probability is 1. Formally, the halting probability of M is the measure of the 0 1 -class of those sets B such that there is an n for which M(B(0)B(1) : : : B(n)) halts. Martin-L of random sets are immune and thus not recursively enumerable, but is as close to being recursively enumerable as possible: The left cut f 2 f0; 1g : is lexicographically before (0) (1) : : :g is a recursively enumerable set of nite strings. Ku cera and Slaman 9] showed that all Martin-L of random sets with recursively enumerable left cut are -like, that is, every such set can be constructed in the same way as Chaitin constructed .
One can relativize the de nition of to oracles, so K is the probability that a xed universal pre x-free machine with access to the oracle K holds. This relativized construction satis es K K T K 0 , but one cannot omit the oracle K from the left hand side, that is, K 6 T K. So, K is an example for a Martin-L of random set of the second type.
Applications
Arslanov's Completeness Criterion 2] says that every recursively enumerable set which permits to compute a xed-point-free function is already above K. A xed-point-free function f has the property that W x 6 = W f(x) for all x. Jockusch This result is even strengthened: Above every set A 6 T K there is a set B T A such that the Turing degree of B does not contain a Martin-L of random set. This is shown as follows. The sets above K are exactly the sets which permit to compute a function majorizing the modulus c K of convergence of any xed given enumeration of K. Since A 6 T K, no such majorizing function is A-recursive. By the Hyperimmune-Free Basis Theorem of Jockusch and Soare 6] there is a PA-complete set B T A which is hyperimmune-free relative to A. In particular, every total B-recursive function is majorized by a total A-recursive function.
Therefore no total B-recursive function majorizes c K . Thus B 6 T K. It follows that the Turing degree of B does not contain a Martin-L of random set. Scott and Tennenbaum 14] showed that the Turing degree of a PA-complete set cannot be minimal. Since the Turing degree of K is not minimal, one only has to consider sets A 6 T K. The traditional way to prove this result is to take a Martin-L of random set B below A and then to consider the set C = fx : 2x 2 Bg. For these sets A; B; C one has ; < T C < T B T A. On the one hand, the main result of the present work permits to conclude that already B satis es ; < T B < T A; one does not need the set C. On the other hand, the proof that C < T B is less involved than the proof that B < T A. So it is a matter of taste which proof one prefers. G acs 4] and Ku cera 7, 8] showed that one can nd for any set B a Martin-L of random set A such that B T A T B K. In this result, K cannot be replaced by any set C 6 T K: Given such a set C 6 T K, there is a set B which is PA-complete, above C and not above K.
Then all Martin-L of random sets A with A T B satisfy A T K. In particular, such a set A is not in the Turing degree of B C.
